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Abstract
We investigate a quantum spatial search problem on a fractal lattice. A recent study for the Sierpinski
gasket and tetrahedron made a conjecture that the dynamics of the search on a fractal lattice is determined by
spectral dimension. We tackle this problem for the Sierpinski carpet, and our simulation result supports the
conjecture. We also propose a scaling hypothesis of oracle calls for the quantum amplitude amplification.
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The quantum algorithms for the spatial search problem have been intensively and extensively
studied [1–6]. One expects that the superposition of states can efficiently find a marked object
from a huge database. The quantum spatial search algorithm evolves the state by alternating the
oracle and quantum walk operators. In order to solve this spatial search problem, the number of
oracle calls should be optimized to concentrate the probability amplitude at the marked vertex.
Understanding the scaling behavior of the optimal oracle calls is an important problem, which has
been studied in a variety of regular lattice geometries [1–4]. The number of interval steps between
the peaks of the marked vertex probability is given by DN1/D or π
√
N/4 [4, 5], where D is the
dimension, and N the number of sites.
In fractal geometry, there are three characteristic dimensions—the Euclidean dimension dE,
fractal (or the Hausdorff) dimension df, and spectral (or the fracton) dimension ds—, so the ques-
tion is which dimension determines the scaling behavior of the optimal number of oracle calls in
a fractal lattice. Recently, an interesting conjecture for a fractal lattice was made by Patel and
Raghunathan [5] that the scaling behavior of the spatial search is determined by the spectral di-
mension ds, and neither by the Euclidean dimension dE nor by the fractal dimension df. This
conjecture was derived based on numerical studies for Sierpinski gasket (dE = 2) and Sierpinski
tetrahedron (dE = 3). In this study, we investigate this conjecture for other fractal lattice geometry,
the Sierpinski carpet (dE = 2), as in Fig. 1. We show that our numerical simulation supports the
conjecture made by Patel and Raphunathan [5]. We also propose the scaling hypothesis of the
effective number of oracle calls for the quantum amplitude amplification.
In the quantum spatial search, we employ the flip-flop walk [6] as the quantum walk, where
the state |ψ(t)〉 ≡ ∑x,l ax,l(t) |~x〉 ⊗ |lˆ〉 is constructed in the Hilbert space Hsearch ≡ HN ⊗ Hk. Here,
|~x〉 ∈ HN is associated with the position degree of freedom, and |lˆ〉 ∈ Hk is associated with the link
→
→
→
FIG. 1. (Color online) Sierpinski carpets at various stages. The red vertex pointed by the arrow at each
stage represents the marked vertex.
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FIG. 2. (Color online) Probability distribution for quantum spatial search on a Sierpinski carpet in the case
when the amplitude distribution is concentrated toward the marked vertex. The data are for the stage S = 4.
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FIG. 3. (Color online) Time evolution of the marked vertex probability P(~x = ~0, t) for the quantum spatial
search on the Sierpinski carpet. The data are for the stage S = 4.
degree of freedom [5]. In the case of Sierpinski carpets, we take the dimension ofHk as k = 4, for
simplicity.
The quantum spatial search algorithm is performed by the time evolution with alternately oper-
ating the oracle R and the quantum walk W, i.e., |ψ(t)〉 = (WR)t |ψ(t = 0)〉. The oracle R = RN ⊗ Ik
with RN ≡ IN − 2 |~0〉 〈~0| gives the maximum contrast between a marked vertex at the origin
~x = ~0 and the rest. Here, IN and Ik are the identity operators in HN and Hk, respectively. The
quantum walk operator W is composed of a Grover diffusion operator G [7] and a shift opera-
tor S, i.e., W = SG. The Grover diffusion operator works as the inversion operator, given by [5]
ax,l
G−→ (2/k)∑l′ ax,l′−ax,l; in the case of the marked vertex, we do not operate the Grover diffusion
operator, but the sign of the amplitude is flipped according to the oracle R [5]. The operatorS shifts
the amplitude along its link direction and reverses the link direction[5]: |~x〉 ⊗ |lˆ〉 S−→ |~x + lˆ〉 ⊗ |−lˆ〉.
If there is no vertex in the link direction lˆ, we take |~x〉 ⊗ |lˆ〉 S−→ |~x〉 ⊗ |lˆ〉. For the time evolution
governed by the unitary operator W = SG [5], one may expect oscillation of the probability dis-
tribution as a function of the time step. In the present quantum spatial search, it is customary to
choose the initial state to be a uniform superposition state: |ψ(t = 0)〉 = (Nk)−1/2∑x,l |~x〉 ⊗ |lˆ〉.
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FIG. 4. (Color online) Scaling of the optimal steps of the oracle calls Q for the spatial search on the
Sierpinski carpet. The linear fit is for the data from the stage S = 1 to S = 8.
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FIG. 5. (Color online) Time evolution of return probability for a classical random-walker on a Sierpinski
carpet. The linear fit is for the data of the stage S = 10.
We numerically simulate the quantum spatial search algorithm on the Sierpinski carpet for
stages S = 1–8 (N = 8–16 777 216). The probability distribution P(~x, t) =
∑
l |ax,l(t)|2 can be con-
centrated at the marked vertex in the Sierpinski carpet (Fig. 2). We reasonably find the oscillation
of the probability at the marked vertex P(~x = ~0, t) =
∑
l |a0,l(t)|2 (Fig. 3). Since the amplitude
is small, one may need the quantum amplitude amplification. We identify the periodicity as the
optimal time steps Q to the oracle calls, which is extracted by using the Fourier transformation of
the oscillatory data of the marked vertex probability P(~x = ~0, t). In our numerical simulation, we
employed the number of steps to be approximately 1 000 000. The size dependence of the optimal
number of oracle calls Q is shown in Fig. 4. Assuming Q ∝ Nb, our fit gives the scaling behavior,
Q = 3.79(4)N0.5647(6), which gives the scaling exponent b = 0.5647(6). We also study the mean
value of the maximummarked vertex probability in the range of the period Q. Assuming P ∝ N−a,
the fit of our data at stages S = 5–8 gives the scaling behavior P = 0.238(6)N−0.154(2) with the
scaling exponent a = 0.154(2). In the following, we analyze this scaling exponent in connection
with the fractal structure.
In the Sierpinski carpet, the Euclidean dimension is given by dE = 2. The fractal dimension
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is defined as df ≡ log M(s)/ log s. Here, M(s) is the number of the self-similar pieces, and s the
scale factor, where a line segment is broken into s-self-similar intervals with the same length. In
the Sierpinski carpet, one has df = ln 8/ ln 3 = 1.892 789 · · · . The spectral dimension ds can be
defined by the scaling behavior of the return probability of the classical random walk [8], given
by Pc(~x = ~0, t) ∝ t−ds/2, where the classical random-walker starts from ~x = ~0 at t = 0. Although
the spectral dimension for the Sierpinski gasket is simply given by ds = 2 ln(dE + 1)/ ln(dE + 3)
[9, 10], there is no explicit expression for the spectral dimension ds of the Sierpinski carpet. We,
therefore, determine the spectral dimension from the numerical simulation of the classical random
walk on the Sierpinski carpet. From a simple scaling fit of our numerical simulation, we find
Pc(~0, t) = 84.7(9)t
−0.871(4) (Fig. 5), and thus, the spectral dimension of the Sierpinski carpet is
given by ds = 1.742(8). Our result is consistent with the earlier analytic prediction for the range
of the spectral dimension 1.673 7 · · · ≤ ds ≤ 1.862 0 · · · [11].
We compare the spectral dimension with the scaling behavior of the optimal number of oracle
calls Q. Using our numerical data, we find the approximate relation b ≃ 1/ds = 0.574(3), which
supports the conjecture [5]. (In the case of the fractal dimension, we find 1/df = 0.528 3 · · · .)
Finally, we propose the scaling hypothesis for the effective number of oracle calls [5] Q/
√
P ∝
Nb+a/2 ≡ Nc for the quantum amplitude amplification. Our hypothesis is given by the relation
c = ds/(dE − 1) + df − s. (1)
Using our data for the Sierpinski carpet (s = 3), we find that the left hand side (l.h.s.) of Eq. (1) is
0.641(1) and the right hand side (r.h.s.) is 0.634(8), where the equality (1) holds within the standard
error. By analyzing the data shown in Ref. [5] (with s = 2), we find that the scaling hypothesis also
holds well; for the Sierpinski gasket (dE = 2), the l.h.s. is 0.950(3) and the r.h.s. is 0.950 17 · · · ,
and for the Sierpinski tetrahedron (dE = 3), the l.h.s. is 0.773(4) and the r.h.s. is 0.773 70 · · · .
Although no mathematically rigorous arguments exist, numerical results imply that the relevant
scaling for the quantum spatial search may be given by Q ∝ N1/ds , and Q/
√
P ∝ Nds/(dE−1)+df−s.
In this study, we investigated the spatial search problem on a Sierpinski carpet using quantum
walk. Our numerical simulation supports the recent conjecture that the scaling behavior of the
quantum spatial search on a fractal lattice is determined by the spectral dimension, and not by
the fractal dimension for the optimal oracle calls. We also proposed the scaling hypothesis of the
effective number of oracle calls for the quantum amplitude amplification in a fractal lattice, which
holds in the Sierpinski carpet, gasket, and tetrahedron.
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